Sobolev multiplication below the borderline

Recall that from the Sobolev embedding theorem, we have continuous embeddings

C° ifk/n-1/p>0,
P L7 ifk/n-1/p<0,
L'Vr  ifk/n—-1/p=0.

Whenever k/n—1/p < 0, the Sobolev space L? contains discontinuous functions, and thus does not
embed into C° or even L.

Theorem 1. Consider two Sobolev spaces LY and L} such that strict inequality holds: k/n - 1/p < 0
and €[/n — 1/q < 0. Then multiplication of functions extends to a continuous map of Sobolev spaces

LPxLi—1Lr,
whenever m € Z with 0 < m < min(k, €), and r is such that
0<m/n+(1/p—k/n)+(1/g-¢/n) <1/r<1.

In other words, there exists a constant Cx pgrkem (depending only on X and the Sobolev indices) such
that

178lls;, < Cxparkem |11z 18] 1 -

Remark. Originally we defined the Sobolev space L', for m € R and r € [1, co] via the spectral
decomposition of the Laplacian:

L := {distributionsf | (1+A)"%f e L’}.

But here we will assume without proof that for m € Z,, the L, norm is equivalent to

m .
£, ~ 2 V'S
i=0

L

Proof. 'To prove our desired estimate, it suffices (by the iterated product rule and triangle inequality)
to find an estimate
[(vef)(v"8)

for each pair of integers a, b > 0 with a + b < m.

Lr < Cqurkl?ub ”f”le’ ”g”Lz

We have continuous maps
PV P Tt
Ly Ly_, = L7
and
v? 1
LZ BN LZ—b s LTa— (&0

By Holder’s inequality

| f &l s < 1l 8l »
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so multiplication is continuous on

Ll/u x Ll/v N Ll/(u-H/).

(This assumes that a+b < 1 so that L'/(4+?) is still a Banach space.) Thus mutiplication is continuous
on

1 1 1
Li7r-G=an x [Ta-0n — [ =tm-a=b)/nemnr(1/p=km+(Ja—em) < LT,

and composition of these maps gives a continuous map
p q r
Ly xL,—L".

Our desired constant C Xt is by definition the operator norm of this map. O]
Ca

Sobolev multiplication above the borderline

Theorem 2. Suppose that k/n —1/p > 0 and LY — L} (ie. k > €and k/n-1/p > ¢/n - 1/q). If
¢ € Z, then multiplication of functions extends to a continuous map of Sobolev spaces

P 7d_ 14
LPx LI > LY.
Proof. As in the previous section, we want to check

[(V2 (V)] 10 < Cxpareas | 11z 18] s

for all nonnegative integers a, b such that a + b < £. We have to deal with the cases

Co if(k—a)/n-1/p>0,
2 Y1 s pveaan i (k—a)/n—1/p <0,
LT Vr if (k—a)/n-1/p=0,
and
co if (6~b)/n-1/q>0,
inlLZ_b» L7reon  if (6—b)/n—-1/q <0,
L' Vr if (6-b)/n-1/q=0.

o Ifboth (k—a)/n—-1/p<0and (€-b)/n-1/q <0, then as in the previous proof,

1 1
Lr-G=a)n x [Va-(0)/n < [4

as desired since

Up—(k=a)/n+1/q-(t-b)/n <t )p-km+11q <5y



o Suppose instead that (¢ -b)/n-1/q<0and (k-a)/n—1/p >0. Then

1
q 1/q—(€-b)/n
Le_b<—>[,/q( )n

and
LY - ClorL"Vr.

- In the case b = ¢, we must have a = 0, so (k—a)/n—1/p = k/n—1/p > 0 and thus
Li_a < C9. Therefore,

P <Ll o C'x L7 wm = C0 x L9 — LA,
- Ifb# ¢, then L? — L' foranyr, so
LY, x Li_a — LVa@ 0 = L4 for r = n/(€-Db).
o Suppose (k—a)/n-1/p<0and (£-b)/n—-1/g>0. Then
L‘Zﬂl > Lm L4

because
1/p-(k-a)/n<1/p-(k-£)[n<1/q.

For equality to hold, botha = ¢and k/n —1/p = €/n-1/q,thusb=0and (£ -b)/n-1/q =
k/n—1/p > 0. Therefore, LY , — C°.

o Finally, suppose (k—a)/n—1/p >0and (£-b)/n—1/g > 0. Then choosing r = 2¢, we obtain

LP > I1%andLl, > L1%,s0lf xL1, L4

Sobolev multiplication on the borderline

Theorem 3. Suppose that k/n—1/p =0and LY — L (i.e. k > € and ¢/n —1/q < 0). If € € Zy, then
multiplication of functions extends to a continuous map of Sobolev spaces

(LA L) x (LInL>) > (LInL™).

Furthermore, if the other function is below the borderline €/n — 1/q < 0, then we have the stronger
result
(L L=y x Lf L1,

Proof. We will proceed by assuming ¢/n — 1/g < 0, proving continuity of the second multiplication,
and realizing £/n — 1/q = 0 as an exceptional case.

Continuity of (Lf n L) x L} - L1 is equivalent to estimates of the form

|92 £)(9*)],, < Cxpaasee (1 £ + 1 £l Il
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for all nonnegative integers a, b such that a + b < £. For the case a = 0 we use the L*, and for the
case a > 0 we use the Sobolev embedding theorem to obtain
L* ifa=0

o = L"*, where /0 := co.
Lo ifa>0

aimLW>iiLia“{

In particular, for all a we have an estimate of the form

1V Fliwe < C(1fLig + £ )-

Note that the | ], term on the right is essential to cover the case a = 0 since LY < L*.
For the other factor,

a V' 14
Ly—1L,,

{Lr\fr<oo ifb=0and ¢/n-1/q=0,

1
Lia=0/n  else.

In the latter case,
1
(LP N L®) x L} LTr@eom o L4,

as desired. In the former case,
1
(LPnL®) x LT & Lam17 Vr < oo.
Thus we can choose r large enough if a/n < 1/g. But
aln<e/n<l/q.

Thus we are safe only when we have strict inequality ¢/n — 1/g < 0. Otherwise we should take

g € L] n L* so that we can effectively set 7 = oo and obtain L 7wt o L4, This proves continuity of
(LPAL®)x (LInL>) > L}
and
(LPnL>®) x LT » L when ¢/n-1/q <0.

It remains to prove
(LPnL®) x (LInL>) > L™,

but this is obvious since
L x L — L.

]

Remark. These estimates can be generalized to non-integral Sobolev spaces by using interpolation
theory.



