
If ϕ ∈ Čp(X;S), this means that on some open cover {Uα}, there is a collection of functions
{ϕα0⋯αp ∈ S(Uα0⋯αp)}, where the sheafS determines some class of functions on each overlapUα0⋯αp ∶=

Uα0 ∩⋯ ∩Uαp . Whenever S is a sheaf of abelian groups, then

dϕ = {ϕα0⋯αp+1 ∶=

p+1
∑
k=0

(−1)kϕα0⋯α̂k⋯αp+1} .

In other cases, we must �nd a suitable alternative interpretation in the same spirit.

Given a system of local trivializations {ϕα} of a �ber bundle, each ϕα is equivalent to a local section
of the principal bundle P overUα.�us a local trivialization is equivalent to an element of Č0(X;P).

�e transition functions are {ϕαβ ∶= ϕ−1α ϕβ}, which should be thought of as a Čech di�erential

{ϕαβ} = d {ϕα} ∈ Č1(X;GC∞),

with smooth G-valued functions (as opposed to locally-constant G-valued functions).

Not all elements of Č1(X;GC∞) arise in this way from some principal bundle. �e relation d2 = 0
still holds if we interpret

d {ϕαβ} ∶= {ϕαβγ ∶= ϕβγϕ−1αγϕαβ} .

�e condition
ϕβγϕ−1αγϕαβ = Id

is the cocycle condition for transition functions. Usually the constraints are written with three for-
mulas, but this form encompases them all. Setting α = β = γ, we get

Id = ϕααϕ−1ααϕαα = ϕαα .

Setting only γ = α, we get
ϕβαϕ−1ααϕαβ = Id Ô⇒ ϕβα = ϕ−1αβ .

Finally,
ϕβγϕ−1αγϕαβ = Id Ô⇒ ϕαβϕβγϕγα = Id.

It’s convenient to introduce the notation ker d ∶= Ž p ⊂ Čp where Ž p denotes the cocycles which are
the cochains with trivial di�erential. In summary, we have a map

d ∶ Č0(X;P)→ Ž1(X;C∞(G)).
local trivializations↦ transition functions

(satisfying cocycle condition)

We now proceed to systematically develop bundle theory by asking natural homological questions.

Any element {ϕαβ} ∈ Ž1(X;C∞(G)) is represented as the image of d from some principal bundle
P′. In particular, the cocycle condition is precisely the consistency condition required to carry out
the gluing construction P′ ∶=∐α Uα ×G/ ∼ which realizes the transition functions {ϕαβ}.

Nextwe should ask how the choice of local trivialization a�ects the transition functions. As a guiding
principle, we will discover an analogue of the exact sequence in ordinary cohomology:
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0→ Z i−1 ↪ C i−1 d
→ Z i ↠ H i → 0.

We will interpret an analogue of this with i = 1 and coe�cients in GC∞ .

We call an element of Č0(X;GC∞) a change of trivialization. To explain, we obtain a right action of
Č0(X;C∞(G)) on Č0(X;P) by

{ϕα} ⋅ {gα} ∶= {ϕαgα} .

Furthermore, the action is transitive (one orbit) since, a�er possibly re�ning the open cover, any
{ϕ′α} is obtained by {ϕ′α} = {ϕα} ⋅ {(ϕ−1α ϕ′α)} .
�ere is also a right action of Č0(X;GC∞) on Č1(X;GC∞) given by {ϕαβ} ⋅ {gα} ∶= {g−1α ϕαβgβ}.
Furthermore, under these actions the Čech di�erential is equivariant:

d ({ϕα} ⋅ {gα}) = d ({ϕαgα}) = {g−1α ϕ−1α ϕβgβ} = d ({ϕα}) ⋅ {gα} .

In summary,
Č0(X;P)

d

''

Č0(X;GC∞)

OO

// Ž1(X;GC∞)

where a squiggly arrow indicates a group action instead of an actual map. Note that since Č0(X;P)
consists of a single orbit, by equivariance, the image of d is the corresponding orbit in Ž1(X;GC∞).

Suppose two principal bundles P1 and P2 share a common element in Ž1(X;GC∞). �en P1 and
P2 correspond to the same Č0(X;GC∞) orbit. Furthermore, they are both isomorphic to the gluing
construction P′. �us P1 and P2 must be isomorphic. �is establishes a correspondence

iso classes of
principal G-bundles =

Ž1(X;GC∞)

action of Č0(X;GC∞)
=∶ Ȟ1(X;GC∞).

Č0(X;P)
d

''

Č0(X;GC∞)

OO

// Ž1(X;GC∞) // Ȟ1(X;GC∞) // 0

�e next question is when does a change of trivialization act trivially on transition functions. For
a meaningful answer to this question, we should �x local trivializations {ϕα} ∈ Č0(X;P). �en it
could happen that our change of trivialization {gα} ∈ Č0(X;GC∞) satis�es

g−1α ϕαβgβ = ϕαβ

⇐⇒ gα =ϕαβgβϕ−1αβ ,

i.e. the gα transform via the adjoint representation. To cast this in the correct language, we should
interpret Ž0 for any associated bundle

{ fα ∈ C∞(Uα , F)} ∈ Ž0(X;P ×ρ F) = Ȟ0(X;P ×ρ F)
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not in terms of the kernel of some di�erential, but rather as a collection of local sections which agree
on the overlaps, thus de�ning a global section. In corresponding trivializations, fα = ρ(ϕαβ) fβ.�us
in our case, {gα} ∈ Ž0(X;P ×Ad G) = Ž0(X; Aut(P)) = GP. So the changes of trivialization which
preserve transition functions are the gauge transformations.

local
trivializations
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

Č0(X;P)

d

""

0 // Ž0(X; Aut(P))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

bundle
automorphisms

// Č0(X;GC∞)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

changes
of

trivialization

OO

// Ž1(X;GC∞)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

transition
functions

// Ȟ1(X;GC∞)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
isomorphism

classes of smooth
principal G-bundles

// 0

We shouldmention the caveat that our identi�cation of Ž0(X; Aut(P))with a subset of Č0(X;GC∞)

depends on the choice of local trivializations {ϕα}.

Sequences from coe�cients

In ordinary cohomology, a short exact sequence of abelian groups 0 → A → B → C → 0 gives a
short exact sequence of chain complexes 0→ C●(X;A)→ C●(X;B)→ C●(X;C)→ 0 which gives a
long exact sequence of cohomology

⋯→ H i(X;A)→ H i(X;B)→ H i(X;C)→ H i+1(X;A)→ H i+1(X;B)→ ⋯

We can imitate this with principal bundles. For example, consider

0→ Z→ R e2π ix

Ð→ U(1)→ 0.

�is gives

⋯→ Ȟ1(X;RC∞)→ Ȟ1(X; U(1)C∞)→ Ȟ2(X;Z)→ Ȟ2(X;RC∞)→ ⋯

Beware that Ȟp(X;RC∞) is not equivalent to Hp(X;R). Resolving the space of locally constant R-
valued functions is much more interesting than resolving the space of smooth R-valued functions.
Since C∞(R) already has a partition of unity, it is resolved by

C∞(X;R)→ 0→ 0→ ⋯.

�us Ȟ0(X;RC∞) = C∞(X;R), and Ȟp(X;RC∞) = 0 for other p. On the other hand, since Z has
the discrete topology, smooth Z-valued functions are locally constant. �us

0→ Ȟ1(X; U(1)C∞)
c1
Ð→ H2(X;Z)→ 0
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so the group of isomorphism classes of smooth principal U(1) bundles is equivalent to the group
H2(X;Z). Via the standard representation, principal U(1) bundles correspond to complex line
bundles. Group composition on Ȟ1(X; U(1)C∞) corresponds to multiplying together the U(1)-
valued transition functions, which is equivalent to tensor product. �e isomorphism labeled c1 is
called the �rst Chern class. �e homological algebra makes c1 explicit. �e recipe to compute it is
as follows.

• Fix a “good cover” {Uα} of X so that all intersections are contractible.

• Given an isomorphism class [P], choose a representative P. Pick local trivializations to obtain
transition functions {ϕαβ} ∈ Ž1(X; U(1)C∞) for P.

• Since eachUα is contractible, we can choose branches for {ηαβ = (2πi)−1 logϕαβ} ∈ Č1(X;RC∞).

• Consider d {ηαβ} = {ηαβγ = ηβγ − ηαγ + ηαβ}. By the cocycle condition for {ϕαβ}, e2πiηαβγ = 1.
�us {ηαβγ} ∈ Ž2(X;Z).

• �e cohomology class c1([P]) ∈ Ȟ2(X;Z) is represented by {ηαβγ}.

It’s tedious but routine to verify that the result is independent of choices.

Extension of structure group

Recall that a central extension G̃ of G is a short exact sequence of the form

0→ A→ G̃ → G → 0,

whereA is an (abelian) subgroup of G̃. Wewant to knowwhen it’s possible to li� transition functions
from a structure group to an extension. �e prototypical example is

0→ Z2 → Spin(k)→ SO(k)→ 0.

�e group Spin(k) for k > 1 is characterized as the unique nontrivial Z2 extension of SO(k): �us
Spin(k) is the total space of a principal Z2-bundle over SO(k). �ese are classi�ed topologically by

H1(SO(k);Z2) = Hom(H1(SO(k);Z);Z2)⊕ 0 = Hom(π1(SO(k))ab;Z2).

We know that π1(SO(2)) = π1(S1) = Z, and π1(SO(3)) = π1(S3/Z2) = Z2. It’s easy to show that
π1(SO(k + 1)) = π1(SO(k)) for k ≥ 3. �us H1(SO(k);Z2) = Z2 has a unique nontrivial element
corresponding topologically to Spin(k).
�e part of the long exact sequence of Čech cohomology which makes sense is given by

H1(X;Z2)↝ Ȟ1(X; Spin(k)C∞)→ Ȟ1(X; SO(k)C∞)
w2
→ H2(X;Z2).

An isomorphism class [P] ∈ Ȟ1(X; SO(k)C∞) comes from an element of Ȟ1(X; Spin(k)C∞) if and
only if w2([P]) = 0 ∈ H2(X;Z2). �ere can be several isomorphism classes of principal Spin(k)
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bundles li�ing the same class of SO(k) bundles.�e action ofH1(X;Z2) is transitive, but not always
free. However this action becomes free if we re�ne our notion of li�. �is re�nement is an essential
subtlety for the de�nition of a spin structure.

As before, suppose 0 → A → G̃ → G → 0 is a central extension, and P is some �xed principal G-
bundle. A li� of P to the structure group G̃ is a principal G̃-bundle P̃ equippedwith an isomorphism
of P with the G-bundle associated to the quotient of P̃ by A. Two li�s are equivalent if they are
related by an isomorphism of P̃ which induces the identity on P. (A general isomorphism of P̃
induces an isomorphism on P which is not necessarily the identity!) Be warned that it is possible
for inequivalent li�s to be isomorphic as principal G̃-bundles.

To understand the equivalence classes of li�s of such a bundle P, suppose that {ϕαβ} ∈ Ž1(X;G) is
a Čech cocycle representing the the transition functions for P relative to some local trivialization.
If the cochain {ϕ̃αβ} ∈ Ž1(X; G̃) is an arbitrary choices for li�s to G̃, then the combination w2 ∶=

[{ϕ̃αβϕ̃βγϕ̃γα}] ∈ Ȟ2(X;A) is called the generalized second Stiefel-Whitney class, and depends only
on the isomorphism class of P, i.e. [{ϕαβ}] ∈ Ȟ1(X;G). �e cochain {ϕ̃αβ} can be chosen to be a
cocycle if and only if w2([P]) = 0. Such a cochain then corresponds to a li� P̃ of P. Any other li�
is of the form {aαβϕ̃αβ} for {aαβ} ∈ Ž1(X;A), and two such li�s are isomorphic if and only if they
represent the same element of Ȟ1(X;A). In this manner, the space of li�s of P up to equivalence is
an Ȟ1(X;A)-torsor when w2([P]) = 0, and empty otherwise.
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